RT/APO/08/01

Analysis of the Solution Phase of a Parallel Multifrontal Approach
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ABSTRACT

We study the forward and backward substitution phases ofassespmultifrontal factorization. These
phases are often neglected in papers on sparse direcifatitom but, in many applications, they can be the
bottleneck so it is crucial to implement them efficientlytihis work, we assume that the factors have been
written on disk during the factorization phase, and we disdbe design of an efficient solution phase.

We will look at the issues involved when we are solving therspaystems on parallel computers
and will consider in particular their solution in a limitedemory environment when out-of-core working
is required. Two different approaches are presented todatalfrom the disk, with a discussion on the
advantages and the drawbacks of each.

We present some experiments on realistic test problemg asiout-of-core version of a sparse multi-
frontal code called MUMPS (MUItifrontal Massively Pardl&olver).
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1 Introduction

In the direct solution of a linear systemlz = b, the matrix A is first factorized into the factors
LDLT (when A is symmetric) orLU (when A is unsymmetric), wherd andU are triangular matrices
and D is diagonal (or block diagonal with blocks of order 1 or 2 ir tbase of numerical pivoting for
indefinite systems). Note that in our factorization expimss we have omitted, for the sake of clarity, the
permutations performed to preserve sparsity and to impiémamerical pivoting. These factors are then
used to solve the system through the forward and backwastiguion steps

[LDy=1b andLTx:y} or [Ly=bandUz=y], (1)

depending on whether the matrix is symmetric or not. In tlaiggs, we are concerned with the case when
the matrixA is large and sparse [5]. One main limitation in the use ofspdirect methods comes from
the need to store the matrix factors that have often many ertrées (10 to 100 times) than the original
matrix.

Usually the most time consuming part of the solution processthe initial matrix factorization and it
is this step that most previous work has addressed. Howieviany applications, the substitution phases
can be performed very many times for each factorizationatttie accumulated time for these phases dom-
inates. This is true, for example, in some algorithms forlmear optimization and for applications where
solutions with many different right-hand sides are reqliifir example, in electromagnetic or seismic
modelling). Furthermore, when solving systems in paraltelvhen working out-of-core, the substitution
times can be greatly increased. We believe this is the firdepth study of the substitution phases in a
parallel and out-of core environment. Our work differs amteads the work of [10, 11, 12, 9] because
firstly we consider a parallel out-of-core context, and seltpwe focus on the performance of the solve
phase.

In this paper, we use an out-of-cai@OC) multifrontal [6, 7] approach. Here the matrix factors are
written to disk during the factorization phase, as a seqaiehblocks (that we cafactor blocks). Overlap-
ping communications and I/O with computations during thedezation phase is an important issue (see
[1]), but is not the scope of this work. During the subseqdernward and backward substitution phases,
that we call thesolution phase we have to load the factor blocks from the local disks of th@puter to the
main memory. In this context, the cost of the solution phasebecome the dominant phase of the complete
solution process. When the solution phase has to be perfbimnenany right-hand sides (simultaneously
or not) then it is even more critical.

We first discuss in Section 2 the main aspects of the in-cateilolited memory solution phase. Al-
though we have described details of our solver MUMPS in mevipublications [2, 3, 4] this is the first
time we have considered the solution phase in detail. Weagxplhy our parallel solution phase does not
follow the standard dependency structure of the factddmgbthase and prove the correctness of our ap-
proach. We then explain how our algorithms have been adaptia out-of-core context (Section 2). We
describe in Section 3 our testing environment - the hardwarase and our choice of matrices for the tests.
We show in Section 4 the limitations of a simple demand driapproach, that we callY$TEM_BASED,
based on automatic system 1/O caching mechanisms. In &egtiee show how user buffers can be in-
troduced to improve the behaviour of the solution phase hed tlescribe an approach where the memory
used is completely controlled, which we califEEcT_IO. We show that a naive implementation of the- D
RECT._IO approach is not suitable for parallel implementation ericbduce a new scheduling scheme that
constrains the ordering of the tasks. We first prove that gve aigorithm is correct and then illustrate the
gain in performance obtained on a set of large real problems.

2 Main parallel features of the solution phase

For the sake of clarity we will focus on symmetric matrices avill not consider pivoting for numer-
ical stability in the description of our algorithms. Noteathour algorithms handle both symmetric and
unsymmetric matrices and incorporate numerical pivotthgeghold pivoting and two-by two pivots). Our
approach is a multifrontal one that uses elimination tree [8] to represent the dependencies of the com-
putations during the solution phase. In practice, nodeseétimination tree are amalgamated so that more
than one variable can be eliminated at each node of the tieeréBulting amalgamated tree is referred to
as theassembly tree
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Figure 1: Partitioning and distribution of the factor blsdkepends on the type of the node. On the Type 2
node, PO is the master process in charge of factored ronblasizand P1 and P2 are slave process in charge
of a partition of the unfactored row variables.

During the solution phase, each node of this tree hold& tfaetor block computed during factorization.
The forward step is a bottom-top traversal of the tree (podéring for the sequential case and topological
ordering for the parallel case). The backward step is ingkiense order. The factor block can be partitioned
into factored row variables andinfactored row variables as shown in Figure 1. In our parallel contdad, t
distribution of theL factors onto the processes depends on how each node wastadt@ node is factored
by a unique process, so callathster process, the computddfactors are located on this process and the
node will be referred to asBype 1 node If the node is factored on more than one process the nodbavill
referred to as dype 2 node A so called master process holds the first diagonal blockefdctored rows
and the off-diagonal block is distributed on so cali#dve processes (see Figure 1-b) . The terminology
master-slave (as we use here) only reflects the fact thaigltactorization a process dynamically decides
to distribute work to other processes that become slavethifonode process [2, 3, 4]. Finally for a root
node, that we call aype 3 node, a block cyclic 2D distribution of the factors is perfed.

POOL - beginning of FWD step Root node
[slaf2[a] ]
end of the pOOl e Bwd direction|
POOL - beginning of BWD step
Fwd direction
(L ]
end of the pool ©) (5) Leaf nodes
Assembly Tree

Figure 2: The POOL of tasks at the beginning of the forwardlazakward sequential solution steps.

The task dependency graph of both the forward and backwgaditims makes use of a distributed
pool of tasks, that we call titOOL. This pool contains a list of all ready tasks to be executebisnsed
to schedule work in both the sequential and the parallelscasethe beginning of each step, we initialize
the distributed pool with all tasks ready on each process Esgure 2 for a description of the situation
on one process). Task are then extracted from the end of tiglpid-O strategy). For the forward step,
the pool is initialized with the leaf nodes of the assembéetr A node will then be placed at the end of
the pool as soon as all of its children are processed. At tiggnbmg of the backward step the pool is
initialized only with the root nodes. At the end of a node @%g; we add to the end of the pool all of its
children. Furthermore, for both the forward and the backk&eps, when a node is distributed over more
than one process (Type 2 or Type 3 nodes) only the mastergaskdied to its local pool. The slave tasks
are processed on the fly. The algorithm for extracting nodes the pool is described in Algorithm 1.

Note that priority is given to the reception of messages - boaking or non-blocking receive. We
look at the pool for work only when no message need be prodesHee algorithm for the forward case
finishes when all root nodes have been treated. The backugortam finishes when all leaf nodes have
been processed.

We first describe in Algorithm 2 the parallel forward suhstiin (Ly = b). Note that in Algorithm 2
(and in practice) the same working space can be used to sitrg ndb. We kept two separate vectors in
our algorithm only for the sake of simplicity. To analyse thain features of our algorithm, we prove two



Algorithm 1 : Algorithm for extracting a node from the POOL (LIFO straggg

Myid - process numbetnode- the current node mapped on procédgid;
Step = Fwd or Bwd
if (Fwd ) Initialise POOL with the leaf nodes mappedidygid
if (Bwd ) Initialise POOL with root nodes mapped btyid
while (Not finished)do
if (POOL is not emptyjhen

if amessage is availableProcessMessagéressage) [See Algorithms 2 and 3]
else

Wait for anessage and therProcessMessagénressage)  [See Algorithms 2 and 3]
end if

if (POOL is not empty an@rocessMessagenot called)then
Extract node, sainode from the end of the POOL
if (Fwd) Fwd_Processnodglnodg [See Algorithm 2]
if (Bwd) Bwd_Processnodeg(lnode [See Algorithm 3]
end if
end while

properties related to the use of the assembly tree. We shmpéRy 2) that our algorithm does not always
follow the dependency paths of the assembly tree which exgplehy we must reset our working arréyb
to zero.

For the sake of completeness references to BLAS (Basic Lidlgabra Subroutines) kernel6tvM V
and TRSM V) have been added to the description of the Algorithm 2 anddgm 3. Without loss of
generality we will assume in the remainder of this papertiehave only one right-hand side and thus one
solution to compute since the extension to multiple rigamndhsides is straightforward.

Property 1 All updates to factored variablesf a node, say Inode, come only from processes involved in
the children of Inode (both master or slave processes).

Proof This property is clearly preserved by the algorithm, siimceur algorithm only processes involved

in the children nodes send updates to the master of the fathessag€ont Vec or direct update oV b
either duringFwd_ProcessNode for Type 1 nodes or at the reception of messhSTER2 SLAVE for
Type 2 nodes. Furthermore updates to the factored variablesode can only come from nodes involved
in the sub-tree rooted at that node (main property of thenalsisetree). This proves our properfyl

Property 2 All updates of descendants of a node Inode, to unfactoradblasof a node are not always
sent to processes in charge of that node.

Dotted arrow between nodes 4 and 6 indicates that part ofgtiates from the
sub-tree rooted at node 4 to node 7 are in fact sent by pro@eHi#h sending
updates from node 2 to node 6.

Figure 3: Example used to prove Property 2: part of the ugdait@ode 1 are not sent to process P3, in
charge of node 5.

Proof Figure 3 will be used to prove our property. All nodes in Fig8 are Type 1 nodes. Node 1 (mapped
on P1) sends to node 4 (mapped on PO) updatésidcorresponding to entries &¥b on P1) and resets
those entries to zero. Node 2 (mapped on P0) updétesnd sends its updates to P2 (corresponding to
entries ofi¥’b on PO) and resets those entries to zero. At this point, paneafipdates of the sub-tree rooted
at node 5 will circulate through node 6 on P2. This is the chbeth node 1 and node 2 have a common
row in the factor block of node 7. This updateldb will then be sent to P4 by P2 during the processing of
node 6.

As a consequence during the processing of node 4, procesdlP®isend to its father (node 5) all
updates from node 1 to node 7. Instead Property 1 says thabthmon row updated by node 2 and node



Algorithm 2 : Algorithm for the forward stepl{ Dy = b)

Myid - process numbetnode- the current node mapped on procédgid;

Nb_children - the number of children dhodeand

Pfather- the process on which the masterfather(Inode)is mapped.

Wb - a local working array, initialized t6 and designed to accumulate modifications of the right-haielbs

will be expanded in later discussion to cases when such usecess to them is non-trivial.
Fwd_Processnode(node {l am the master of nodeode }

For factored rows, updatewith entries ofi/’b and to compute the partial solutioffRSM V)

if (Inodeis of Type 2 )then
Send to each slave dfiodethe computed solution and entries fb corresponding to rows mapped on this slave (message
MASTER2SLAVE) and reset these entries @b to zero 6ee Property P
else if(Inodeis of Type 1)then
UpdateW b for unfactored rowgGEMM V)
if (Myid # Pfathe)) then
Send updated entries 8F b to Pfather(messageCont Vec) and reset them to zersde Property P
else
Increment updates fdtfatherand if last update adflather(Inode) to the end of the pool
end if
else
Type 3 root node process based on ScaLAPACK for both forwaddbackward steps on all processes
end if
ProcessMessagéMessage) {l am updatingnode}
if (Message £ont Vec) then
UpdateW b with contribution received; Increment number of updates
if last update, adthodeto the end of the pool
else if (Message MASTER2SLAVE) then
Gather in a smalbcal array entries ofl¥'b just received

and the solution sent by the master to updatddhal array (GEMVI V)
if (Myid = Pfathe)) then
Scatter and add thecal arrayin Wb
Increment number of updates and if last update laddeto the end of the pool
else
Sendlocal array to Pfather(messageCont Vec)
end if
end if

4 could not be eliminated at node 5, but at nod&l7.

Note that, Property 1 is one of the main properties of theiaktion tree, exploited by the multifrontal
approach and preserved, on each process, by the algorittthrefactored variables. However, contrary to
what is exploited during multifrontal factorization, treémination tree property is no longer respected on
each process for unfactored variables (Property 2). PipReriso explains the importance of resettin@
to zero in Algorithm 2.

Property 3 At any time a computed update is stored in Hié array of only one process.
Proof We recall thatl'b is designed to sum update vectovBb is first initialized to zero on each process
at the beginning of the forward step. It corresponds to wgsiat the right-hand sidedue to solution terms
already computed. Each time partidfo is sent to a process (messa@ent Vec or MASTER2SLAVE)
then the corresponding entries are reset to zero in the guoeEwd_Processnode

Let us now check, that updatesiiéb are never lost. First, during the functiBnocessMessag€VASTER2SLAVE),
each slave gathers in a local array, contributions sentsgnéster. This local array is either used to up-
dateWb locally, if the process_id of the slave is equal tBfather, or is forwarded (messag@®nt Vec) to
procesdfatherwithout updating?s locally. O

Property 4 When starting to process a node (first line of Algorithm 2, cpdure
Fwd_Processnodg(lnode)), b holds all contributions needed to compute the solution esponding to
the factored variables of the node.
Proof Results from Property 1 and 2.

Property 4 recursively proves that Algorithm 2 computesdtreect solutiond

The algorithm for the backward substitutiob{(z = ) is described in Algorithm 3. As for the forward
step, priority is given to message reception. If no messaggeeived, a node from the pool is extracted. The



backward step manages three types of messdtyas:MASTER2 SL AVE andBwd _Cont Vec are similar
to MASTER2SLAVE andCont Vec of the forward case respectively; a new type of mes&gk Node is
used to control the activation of the children.

Algorithm 3 : Algorithm for the backward steg{l = = y)

Myid - process numbetnode- current node mapped dviyid;
Bwd_ProcessNode(Inode)
if (Inodeis of Type 2)then
Master distributes already computed solution correspando factored variables between the slaveslrafde (message
Bwd_MASTER2SLAVE)
else if(Inodeis of Type 1)then
associated with unfactored variables to upda(&EMM V) and with factored variables to compute solution
TRS)
for each child oilnodewhose master process is mappedwyid, add it to the end of the pool
Send the solution correspondingdt variables oflnodeto processes on which at least one master of a child node ipedap
(messageBwd_Node)
end if
ProcessMessagéMessage)
if (Message Bwd_Node) then
Update known solution and add to the ptmbdeand all of its brothers whose master process is mapped gid
else if (Message Bwd_MASTER2SLAVE) then
mapped on this slave process together with the receiveti@olo compute a contribution @ (GEMM V) and
send it to the master dhode (messageBwd_Cont Vec)
else if (Message Bwd_Cont Vec) then
Updatey with message and increment number of updates received.
if last updatehen
associated with factored variables to compute the sol{i&sM V)
or each child ofinodewhose master process is mappedWyid, add it to the end of the pool
Send the solution correspondingé variables ofinodeto processes on which at least one master of a child node ipadap
(messageBwd_Node)
end if
end if

During the backward step, when a Type 2 node is processedaVe grocesses are first involved in
the updating of the right-hand side(after reception of messadwd_Mast er 2SI ave from the master
process of that node). Once the master process has rec#ivedates to the right-hand side computed by
the slaves (messa@sd_Cont Vec), the solution associated with the factored variableses tomputed.

A messageBwd_Node is then sent to each process on which at least one master fdide children is
mapped. Note that even if several nodes are mapped on thepsaosss, messagBad_Node will be sent
only once to this process.

sectionOut-of-Core (OOC) Main Features The out-of-corglé@mentation of our algorithms is very
critical for large matrices when we may have problems witimgtéd memory environment. Our objective
is to achieve good performance with respect to both run-intememory in both sequentehdin parallel
cases. The OOC run time is strongly related to the hard dis&sactime. The latency, the number of disk
accesses, and the regularity of the reading pattern aresiskat will have to be taken into consideration.

In this section, we describe the main OOC features of ourdhgos.

2.1 OOC factorization phase

During the OOC execution, the computed factors are storddehard disk and are written in the order
in which they have been computed. Results obtained by [IWdhat this can be obtained with limited
overhead with respect to the in-core factorization.

In a sequential environment, factors are written on the désid following a post-ordering traversal of
the tree. For the parallel runs only a topological ordenmith unpredictable dynamic interleaving of slave
and master tasks is followed (see Figure 4).

Although one could clearly take advantage of keeping pattheffactors in-core at the end of the
factorization, for the sake of clarity, we will consider metfollowing that all factors data has been written
to the disk at the end of the factorization phase.
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Figure 4. Example of interleaving of master and slave taskig the factorization and influence on the
disk usage on each processor. We note that the sequenceusiqoe because of the non-deterministic
nature of our asynchronous algorithm.

2.2 0OOC solution phase

We use the factorization write sequence in order or in reverder, to prefetch factor blocks during
the forward and the backward steps respectively. Lookirthethard disk storage area, these two steps
can be represented as directions for reading data. The fdrstep needs factors from the disk in a left-
right direction. That is why, for the forward step, we prefetiata in the natural direction (the order in
which data has been written) (see Figure 5). The backwapchgteds factors in the reverse order: right-left
direction on the disk. Here, the inverse of the natural megdirection is used, so that, one could expect the
performance of the backward step to be slightly worse tharidtward step.

FWD step BWD step

pL 2| 5 | 3| 9| 10

L Factors Data on the hard disk
Figure 5: Reading direction on the disk in the solution step.
For this OOC implementation we use almost the same algosithenfor the in-core case. The only

modification (see Algorithm 4) for the OOC execution is todatata from disk for each occurrence of the
sequence ‘Use fact or s | in Algorithms 2 and 3.

Algorithm 4 : Modification of Fwd and Bwd algorithm for OOC execution

if (OOC run)then
Load data from diskfiode

[se-fact ors Jofnoce.. = endi

3 Testing environment

All our runs have been performed on the multiprocessor Ciag ¥cated at CERFACS (58 nodes with
2 processors per node; and 4 GB per node, 2 GB per MPI pro¢ess).node is equipped with &DE disk
managed by theei ser f s file system of maximum bandwidth for a read operation closeatd/B/sec

with one MPI process per node.
Our set of test matricésused for the experiments is described in Table 1, sorteddigrfaize. We note

1Publicly available matrices from the PARASOL collectionup!) or from our applications partners are available on the



the difficulty in getting very large problems from industiyis also necessary that the integer description
of the problem will fit on a single processor in order for us éonplete the analysis and construct the data
structures for subsequent numerical factorization anatisol.

Matrix name Order | Nbentries | Factor size | Nb Nodes | Description (origin)

(Millions) (MBytes) | inthe tree
QIMONDAO7 | 8613291 66.9 2534 | 3083998 | Circuit simulation (Qimonda AG company)
CAS4R-L15 2423135 195.8 4832 864 447 | 3D Electromagnetism (EADS Innovation Works)
CONESHL 1262212 43.0 5908 113513 | 3D finite element from SAMCEF code (SAMTECH
NICE20MC 715923 28.1 9263 68 134 | Seismic processing (BRGM Lab.)
AUDI 943 695 39.3 12 202 113119 | Automotive crankshaft model (Parasol collection)
GRID3.5M 3500 000 37.8 15720 | 1535044 | 3D llpt-discretization of Laplacian operator
COR5HZ 2233031 90.2 21622 268 798 | Seismic processing (BRGM Lab.)
AMANDE 6994 683 584.8 55 295 871621 | 3D Electromagnetism (CEA-CESTA)
NICE9HZ 5140 838 215.5 64 848 603 495 | Seismic processing (BRGM Lab.)
GRID5M 5 000 000 53.8 17335 | 2204519 | 3D llpt-discretization of Laplacian operator

Table 1:Test matrices (size and origin); Size of factors obtainetth Wietis reordering of the original matrix. All test matricare
real symmetric exceptAS4R-L15 andAMANDE which are complex symmetric.

We recall that during factorizaticall factors are written to the local disks. We have no factora dapt
in memory at the beginning of the solution phaselbetween the forward and backward steps. So we have
no intended reuse of data, which will help to better undecsthe behaviour of each step.

With these assumptions, we will thus have to load all of thetdiss during the solution phase. Note
that QIMONDAOQ?7 is a large and very sparse matrix with more than 3 milliode®in the assembly tree.
I/O access might occur for each node of the elimination trekthus it is an interesting matrix to illustrate
the behaviour of our algorithms. We thus use this examplensitely in our detailed analysis but show
relevant results on all our test problems later in the paper.

Two possibilities for accessing data on disk will be conséde In the first approach, we rely on system
buffers (or page caching) to access the disk, that we willrref as SSTEM_BASED. A second approach
consists in a direct access to the disk and will be referred tdRECT_IO. With the DRECT_IO approach
we will explain that we have complete control of the memorgdiduring the solution phase.

4 System based demand driven approach

A simple way to implement the OOC solution phase is to use saieidriven approach. We do not use
any explicit prefetching. We let the operating system hamutiermediate caches when loading data.

To illustrate the potential and the limitations of a demamigtech approach we illustrate in Table 2
its behaviour on our test matri@giIMONDAO7. We analyse the situation when the matrix fits in the main
memory (parallel execution) and when the memory is crifjaalprocessor execution) and also report, as a
reference, the in-core solution time on 8 processors.

Factor Size Solve
Nprocs (per proc) Fwd Bwd  Disk access|
MB (sec) (sec) (MB/s)
In core
8 | 3175 | 09 0.9 —
OOC (Out-Of-Core)
8 317.5 3.6 4.5 92.6
4 635.0 45.9 15.1 83.3
2 1270.1 | 1294 93.1 22.8
1 25343 | 269.4 2829 9.2

Table 2: Influence of memory used per node of the Cray XD1 on the pedooa of the solution phase on matixMoNDAO7.
The OOC is based on a simple STEM_BASED approach.

On 8 processors, we see that the extra time required in boilafd and backward phases for the OOC
execution corresponds to copying the factor data at a ré82.6fMB/s so that the copy is not from the disk
(bandwidth of 16 MB/s) but from the system cache. Indeed theTEM_BASED demand driven approach
unpredictably affects the behaviour in an intrusive wayefkif the factors were written to the disk during
the factorization, a significant part of them still remainghie system caches, so that the cost of accessing

gridtlse.org web site;COR5Hz matrice corresponds to dynamic analysis of the Corniodtimly) earthquake (1994) with
maximum signal frequency of 5 HallcE20MC andNICE9QHZ correspond to dynamic analysis of the Nice earthquake (2@Qkh
maximum signal frequency of 1.5 Hz and 9 Hz respectively.



them during the solution phase is the cost of a main-memargsac The OOC execution allows us to
decrease the number of processes used by increasing théalcica size per process. The fewer processes
that are used, the fewer factors remain in the system cacttksa a consequence, the speed of access to
the factors decreases. @QMONDAQ7, the size of the total workspace for sequential in-coctofization

(5 GB) is bigger than the available memory (4 GB). In OOC exeay a working space of size 2 GB is
still needed during the factorization so that the systermotkeep all the factors in the system caches at
the end of the factorization phase. Some factor blocks nest be loaded from the disk. In this case,
increasing the number of disk accesses will increase theuéig@ time. On one process, the disk access
speed is really slow — 9.2 MB/s. Note that the peak speed ofraaneread from the disk is 16 MB/s, so
that the minimum time just to load all the factor blocks is E88onds.

We thus see that, when the memory is critical, the performafithe SSTEM_BASED approach is far
from the minimum. The reason is that the system 1/O mechaigsmconflict with the automatic system
swapping mechanisms.

As shown in Table 2, the Y TEM_BASED approach is inefficient on large matrices, when the volume
of data on the disk is larger than the memory size. In this,casebserve the so called swapping effect:
the system decides when and which data to swap to the diskd@&déision is done by the system and is
often based on a variant of a least recently used stratedg. tNat the system has no knowledge of the data
access pattern of the algorithm. Furthermore, the factttieasystem cache grows with each disk access
(reading or writing data) is even more critical. It is impis to control the actual memory used: either its
size or the effective bandwidth for accessing the disk. Saeveot know how much real memory is used.
Moreover, the system cache management may lead to userspage - on our own or on other user’s data,
or even other system processes. Thus, if we consider that i©@@Quested when the memory is limited,
this unpredictable behaviour is more likely to occur vergof

These drawbacks lead us to look for a new mechanism to loadaeh the hard disk.

5 Direct IO based method

In this section we present a new approach based on directsitcthe hard disk, that will be named-D
RECT._IO. Using the DRECT_IO access, the user has full knowledge and control of the mgosed. This
is a specific feature existing on many operating systemstrabe specified while opening the files. Data
must be aligned in memory when usingrRECT_IO mechanisms: the address and the size of the buffer
must be a multiple of the page size and/or of the cylinder. Sibe use of this kind of I/O operation ensures
that a requested I/O operation is effectively performedthatino caching is done by the operating system.
Strategies can then be used to prefetch data. The incomeenié this method is that the cache mechanism
exploited by the 8STEM_BASED approach is not available; it is thus more complex to impletraand
requires more algorithmic effort.

To solve large problems efficiently, which is the main taligetesigning an OOC solver, we propose to
use smallser buffersto explicitly control how data is prefetched from the disk.

Emg‘ buffer

Prefetching zone Emergency zone

Figure 6: User defined buffers.

The buffer is divided into two areas: a prefetching zone aneéraergency one - as we show in Figure 6.
In the prefetching zone, all the space allocated to this éslus load data. We prefetch each time a large
enough contiguous block in the prefetching zone is free (1iMBur experiments). The emergency zone
is used when a block factor is not prefetched or not ‘on the st of a prefetch request - see Algorithm
5). It has to be as large as the largest factor block. In thie zee load only one factor block at a time and

it is used only in so called emergency cases.
The size of the user buffers can influence the performandeeaddlution phase. The size of the emer-
gency zone EmgSizg) is defined as the largest block factor mapped on procgssbet AvgEmgSize



denote the average of EmgSjze over the processors. Let FactorSizebe the size of thd factors
per processor and let AvgFactorSize be its average size.phdfetching buffer zone on each processor
PrefetchBufferSiz@) is then defined as

PrefetchBufferSize(py=
max (min (10 x AvgEmgSize we, 500MBytes) ,EmgSizép), 10 MBytes) 2
The total size of buffers per processor is then
Size of buffers(p)= PrefetchBufferSizép) + EmgSiz€p) ?3)

In the context of our study we want to control the buffer sizghwespect to a fixed value (here
500 MBytes) and with respect to the volume of 1/O per processogfActorSizg4); to reduce the buffer
size when increasing the number of processors and limitifferehce of the buffer sizes on the processors
(upper bounds based on average distributions) and finalgn&ble some prefetching for our algorithms
(10 x AvgemgsSize). In the remainder of this paper, equation (3 lvé used to define the size of buffer
area for our experiments.

The implemented algorithm reduces the disk access to thwe stinimum - each data is loaded only
once and kept in memory until it is used. To handle this, féates of the node are used to describe these
transitions, (see Figure 7).

For every node the possible states are:

— on disk only - data is not available in the main memory

— on the way- data is not available, but it is being loaded

— ready - data is in the buffer and is ready to be processed

— used- data is in the buffer but has been already used. Correspgisgiace can be freed.

on disk only

on the way

used .O.

ready
Figure 7: The 4 possible states of the node

The statement ‘on disk only’ means that the factors are noageessed. If we need to access data ‘on
disk only’, we have to verify that there is enough free spacthé buffer to load the data. The statement
‘on the way’ corresponds to data that is not yet in main meimrywe know that it is being loaded. So we
may have to wait until the data is ‘ready’. After the prefenchprocess, all loaded data in the user buffers
are in the state ‘ready’.

Here we use again the algorithms presented for the in-careution (see Algorithms 2 and 3) with
some additional functionalities (see Algorithm 5). Loaglttata is performed each time enough contiguous
free space becomes available in the prefetching zone.

Before processing a node, we check whether it is ‘ready’ nthe way’, or whether we need to load it
in the emergency buffer. The verification of data avail&pi done each time we ha’
in the algorithms.

Algorithm 5 : OOC functionalities for the IRECT_IO approach

if (OOC run)then
if (factors oflnodeare ‘on disk only’)then
Load data from disk (emergency loadinglnbde
else if( the factors olnodeare ‘on the way’then
wait until the end of the prefetch
end if
end if

(ke Factorstodo...




We first compare the performance of thesSEM_BASED and the DRECT_IO approaches on the large
matrixQIMONDAOQ7 in a sequential environmentand also analyse the behafiour algorithm when using
one or two buffers (emergency buffer and/or prefetch buffevhen only the emergency buffer (Emg) is
used (PrefetchBufferSize set to zero in equation (3)),dted humber of requests to the disks (IRleq Fwd
and NhReq Bwd) is high and incurs a very significant time overhead [&ble 3). Using a prefetch buffer
of small size, our prefetching mechanism can anticipatemitis case suppress the use of the emergency
buffer. As the total size of the factors is bigger than theilalsde memory (2 GB), in this case, both the
SysTEM_BASED and the DRECT_IO approachegeally load factors from disk. Thus it becomes possible to
compare their execution time on the solution phase. EvdeifiRECT_IO time is better for both forward
and backward steps, there is a more major reason to favauapiproach.

Methods Fwd Bwd Nb_Req Fwd Nb_Req Bwd
(sec) (sec) Prefetch | Emgzone | Prefetch | Emgzone
DIRECT-IO (Emg) 1160.6 | 1295.8 0 | 3083998 0 | 3083998
DIRECT.IO (Emg+Prefetch) | 171.5 176.8 541 0 496 0
SYSTEM_BASED 269.4 282.9 — — — —

Table 3:Influence of the number of buffers on the uni-processor perdmce orQIMONDAO7. Fwd=forward phase. Bwd=backward
phase. Emg=emergency buffer:1 MB; User buffer:10MB.

The main advantage is that the memory effectively used féfetsiin the DRECT_IO approach is 10
MB whereas the cache for thery STEM_BASED approach may be as large as 2.5 GB (the size of the factors).
The performance of the solve is thus stabilized using tleeRT_IO strategy, while controlling the size of
the buffers being effectively used.

To illustrate the time limitations of the YSTEM_BASED approach, we show in Table 4 the parallel
behaviour of the solution phase on our complete set of tefiicaa. We are interested in the case where
factors are written to disk during the factorization phaseduse memory was limited. For the sake of
clarity we thus assume that before each step (forward orvibach) the system cache is flushed so that
we are sure that both therSTEM_BASED and the DRECT_IO approaches will have to read tliefactors
from disk. For each matrix, the minimum number of procesesgsired to run the factorization phase was
chosen. We see in Table 4 that, in parallel, thrs&=M_BASED approach does not efficiently prefetch the
L factors from the disk.

L factor size Me Workspace
Matrix Avg Max Pr | thod per proc Fwd Bwd
name (MB) (MB) (MB)
sb * 269.4 [ 2829
QIMONDAQO7 | 2534 | 2534 1 od 12 1715 | 176.8
sb * 595.3 | 1061.2
CAS4R-L15 2416 | 2547 | 2 od 559 336.3 | 270.1
sb * 446.1 | 448.1
CONESHL 5908 5908 1 od 709 375.2 378.3
sb * 158.4 | 239.0
NICE20MC 1537 1689 6 od 491 148.7 225.2
sb ® 2986 | 5735
AUDI 2741 2872 4 od 676 231.8 355.2
sb ® 680.2 | 808.9
GRID3.5M 7860 7900 2 od 639 507.0 519.0
sb ® 3348 | 507.4
CORBHZ 2702 2970 8 od 660 397.1 476.5
sb ® 512.4 | 1291.8
AMANDE 1404 1625 | 20 od 425 725.9 964.8
sb ® 596.8 | 1299.4
NICE9HZ 3208 | 3651 | 20 od 893 685.9 | 1050.2
sb ® 439.8 | 6145
GRID5M 4259 | 4356 | 4 od 699 325.4 | 554.0

Table 4:Time performance of the IRECT.IO (od) and the §STEM_BASED (sh) methods; Workspace holds the average working
space used by the solution phase (including prefetchingeibdgfined in equation (3)). ((*) It cannot be estimated ia ®vs-
TEM_BASED approach because of the system cache).

5.1 Influence of parallelism on the performance

In the previous section, we have thus shown that theT&M_BASED approach is not efficient in terms
of both memory (no control of the effective memory used) anet(automatic system based prefetching
not adapted to a parallel execution). In this section, wdyaran more detail the parallel behaviour of
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the DIRECT_IO approach and focus on the influence of tasks scheduling@pérformance. Scheduling
the order the processing of a node is possible in the poolstitaWe add nodes only at the end of the
pool, but we can extract them in any order. A LIFO (Last In F@sit) strategy was used in the initial
Algorithm 1 because it is an optimal strategy (in terms ofutagty of disk access to block factors) for
sequential execution.

We first compare in Table 5 the time for the forward and backissgps with the minimum time (min)
to load factors from the disk on ttisMONDA Q7 matrix. We also report the maximum bandwidth (16MB/s)
on the most loaded processor and the number and type of bedfeests per step. On one processor, a LIFO
order to extract tasks from the pool leads to a contiguoussacto the hard disk. In parallel, we cannot
guarantee that the order of processing of the tasks (anadbarblocks) will correspond to the order used
to write them to the disks. We see in Table 5 that work needs tiome on the scheduling to reduce the gap
between the minimum time to load factors and the actual tpagjcularly for the backward substitution.

Nb Factor Size | T-min Fwd Bwd Max Nb Requests per step
of per proc Fwd %) Bwd )

Procs (MB) (sec) (sec) (sec) Prefetch | Emgzone | Prefetch [ Emg zone
1 2534 158.4 | 1715 176.8 541 0 496 0
2 1270 79.9 89.6 88.7 274 0 250 0
3 846 57.9 64.9 262.1 190 3 169 422 497
4 635 41.3 47.2 91.6 138 0 127 0
6 423 315 38.0 186.7 102 6 86 422 498
8 317 21.8 24.9 137.6 70 0 64 321871
16 159 11.9 13.2 94.4 39 2 32 214 245
24 105 9.0 10.9 48.5 42 5 38 119792
32 79 8.2 9.1 53.1 25 1 30 116 209

Table 5:Influence of the parallelism oQiIMONDAO7 using LIFO strategy. Emg=emergency buffer:1 MB; Préfdinffer:10MB
per processor{*): Max per processor.

In fact, this gap is correlated with the large number of erapay calls during the backward step. Note
that, in this example, we have relatively less emergencyeasts during the forward step than during the
backward step. One reason is that th®oNDAQO7 matrix has many nodes of relatively small size, so we
have a relatively small number of Type 2 tasks that couldiredhe use of the Emg buffer. Another reason,
illustrated in the following discussion, is that one can ectpthe backward step to be more sensitive to
scheduling than the forward step. Indeed, at the beginrfittgedoackward step, we have in general a small
number of root nodes, mapped onto few processors. The otbeegsors have no work and are waiting.
During the backward step, the end of one task results in thieation of multiple other tasks on other
processors. Furthermore, if we choose to process almodie a LIFO strategy will induce the processing
of all of its children before the brother d¢fiode If the factors of this noddnode are not in memory then
the factors of the children will not be in memory either. Thifl lead to emergency requests.

\Location of factors:\
Disk User Buffer

P1 [13/4[5] 7] P1

P2 [2[ 6] 7] (6] 7] P2
POOL LIFO strategy POOL NNS strategy

| |
P T P2 | mr—] T e
+ { ey
Pl b e | w2
o1 (41511 ] b1 (31415 P2

Figure 8: Comparison of LIFO and NNS extraction from the pool

We illustrate this on the small example described in Figuiéd the given assembly tree, mapped onto
two processors (P1 and P2), we represent the beginning dittlevard step and the data in the prefetch
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buffer and in the pool of tasks. To simplify the illustratiof our algorithm, we assume that the root is
mapped on both processors and that all other nodes are oronelprocessor (Type 1 nodes). We will
comment on Type 2 nodes in our algorithm later. Some datareropded in the prefetch buffer on both
processors, respecting the backward step direction ofatkdata. With a LIFO strategy, after processing
the root node, P1 continues with the only node in its POOL é®d This node is not ‘in memory’ and
requires an emergency access. If node 1 is added to the peptla# end of node 6 on processor P2 (that
would add nodes 4 and 5 to the pool of processor P1), thensingethe factors of node 1 will lead to
another emergency call.

On the other hand, during the forward phase, where we exiiieitarge task independence of the
leaves, all processors often have at least one node to groltethis case, all processors start working at
almost the same moment. As the work is distributed reguéarigng the processors, they will progress in a
synchronous way. The algorithm will more naturally prodigscomplete tree respecting the post-ordering
of the nodes in the tree.

For all these reasons and since we have seen in Table 5 tha¢itteemance of the backward phase is
critical even on a limited number of processors, we discus®dification of the scheduler and will focus
in this section on the backward phase.

One way to limit the number of disk accesses is to follow Hritie write sequence of the factorization
step. By doing so we will always get the node at the top of thenorg. We hope that this new algorithm
will free more contiguous space in the prefetch buffer, st thss emergency calls will be needed. We
define theNext Node in the Sequence (NNSp be the next node to be processed with respect to the
write sequence on the disk (dynamically decided duringofémation). During the forward step it will be
the next non-processed master-node whereas during thevhatktep it will correspond to the previous
non-processed master-node. Note that slave tasks are msitleced in this sequence. The slave tasks,
for Type 2 nodes, are processed on the fly (do not use the podlee driven by the order in which the
messages are received. Our new algorithm (fully describédgorithm 6) thus consists in respecting the
sequence order to process nodes on each processor. ThitesoNIdS strategy is illustrated in Figure 8.
One can see that with a LIFO strategy node 3 was added to théqudtil at the end of the process of the
root node 7 mapped on both processes. Node 3 was then trgalddliefore nodes 4 and 5. On the other
hand, with the NN S strategy, node 3 is not processed and R4 fwahode 5 to be added to the pool since
it is the next node in the sequence after node 7. In the fotigyive first describe the new NNS strategy to
extract work from the pool and we prove that we can safely feaithe NNS node.

In our NNS algorithm (Algorithm 6), a new ‘blocking receiv&it line 3) has been introduced with
respect to Algorithm 1. The main difference between the lbtagreceive from the original algorithm (at
line « of Algorithm 6) and the one introduced at liges that, at line3, our blocking receive is performed
while we have tasks ready to be activated in the pool. Sinségldone separately on each processor (local
pool) we will have to prove that it does not introduce a deeklloetween processes.

Changes made to our scheduling Algorithm 1 are written vaithér font in Algorithm 6. All unchanged
parts are written in tiny characters.

To prove the correctness of our new algorithm, we will forataland demonstrate two more properties,
based on the assembly tree and the task dependency.

Property 5 Forcing the sequence to schedule nodes as in Algorithm 6mlmteatroduce deadlock.

Proof First of all, as explained before, Type 2 slave tasks do wothgough the pool of tasks and
are processed ‘on the fly’ (at the reception of a mes$agl ER2 SL AVE for both forward and backward
steps). Therefore, our blocking receive will not prevenfrasn treating such slaves tasks. Type 3 tasks
are only concerned with the largest root node of which onéyrtaster task will go through the pool. In
our proof, we can thus focus on the master tasks (of any typeg shey are the only ones that might be
blocked in the local pool.

Let us focus on the backward case. (The proof for the forwase ¢s similar and can be easily deduced
from the backward case.)

Let be the number of processes and let us suppose that we havél@dddzetween processes

(r < NBps). On each proce (G el0.r—1)]), Iet be the next node not processed in the

sequence of processfs
We first mention/prove a simple intermediate property betweodes ready to be activated in the local
pools.

Property 6 During the backward step, if nodeis ready on procesg;, thenj is not an ancestor aNp, .
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Algorithm 6 : Scheduling the POOL with next node in the sequence (NN S)egjy

Step = Fwd or Bwd

if (Fwd)then
Initialise POOL with the leaf nodes mapped Myid
Initialise NNS to the first leaf node

else

Initialise POOL with root nodes mapped dyid
Initialise NNS to the first root node
end if
while (Not finished)do
if (POOL is not emptyjhen
if amessage is availableProcessMessagéressage) [See Algorithms 2 and 3]
else

Wait for anessage and therProcessMessagénmessage)  [See Algorithms 2 and 3]
end if
if (POOL is not empty an@rocessMessagenot called)then

if (NNS in POOL)then

Inode= NNS ; Update NNS

if (Fwd) Fwd_Processnode(lnodg [See Algorithm 2]

if (Bwd) Bwd_Processnodg(lnode [See Algorithm 3]
else

@ Wait for a message and th@mnocessMessagéressage)

end if
end if
end while

Proof Thanks to the main elimination property,jifwere an ancestor a¥p, then it would be in the se-
quence of the backward step befd¥e,. This contradicts the definition of p,. O

Proof of property §continued)
Let Np, ¢ € [0 .. r — 1] be the nodes in the sequence that proceBsase waiting for. If Np, is not ready
(notin the pool), then it means that one of its ancestishas not been processed. Because of Property 6,
j1 cannot be ready in the pool &%. Let us suppose, without loss of generality, thats in the pool of
processP; . Furthermore, on procegy, Np, is notin the local pool. (Note thafp, might be equal tg ).
Therefore there exists an ancesjeof Np,, ready to be activated on another procéss Either Np, is
equal toNp, and we have a cycle of dependencies between processes, anwertinue and will end up
with a cycle between processes.

Let us suppose that we have reached a cycle ofi$jze > ' > 2. Let

(NP07j1)7 (NP1 1j2)7 (NP21j3)a "‘(NP.,J’jO)

be such a cycle, wherg is ready on procesB, and is an ancestor a¥p,. In each coupleXp,, ji11)
Ji+1 is an ancestor aVp, and is thus processed strictly befdye, in the backward sequence. Furthermore,
by the definition ofNp,, Np, is in the sequence before any node in the local podt,olet — denote the
precedence in the backward sequence.— y mean that: is beforey in the backward sequence®
indicates an ancestor relation~ y indicates that: is beforey becauser is an ancestor of. (Note that

z % yimpliesz — y andz # y). We thus have :

. a . a . a . a
jo— Np, = jr — Np, | ... ja— Np, — j1 — Np, ,

which means thailVp, is not the first ready nodie the sequence of proce$}, sincejy is ready and is
beforeNp, in the sequence. Thys is equal toNp,. Furthermore, thanks to our cyclg, is beforej; in
the sequencej{ # jo), which contradicts the fact that is an ancestor aNp, (= jo) located on process
P;. We have thus proved that our algorithm does not introdugedaadlock ]

Normally, the next node in the sequence is located at the &t prefetch buffer, and processing this
node will free more contiguous space in the buffer. We hopetthis will lead to more regular disk access
and will improve the performance especially for the bacldwsep in a parallel environment.

The results, presented in Table 6 show that using the NN&giran theQiIMONDAO7 matrix signif-
icantly improves the performance in the backward step oallghruns. QIMONDAQ7 has a large number

13



Nbof | T_min | Bwd Nb_Red™*)
Procs in Bwd step
(sec) | (sec) Prefetch | Emg
1 158.4 | 177.2 496 0
2 79.9 93.7 250 0
3 57.9 65.5 174 1
4 41.3 50.5 117 0
6 315 37.9 93 0
8 21.8 452 57 0
16 11.9 13.8 36 0
24 9.0 13.2 38 0
32 8.2 10.7 34 0

Table 6:Influence of the scheduling NNS of the tasks@moNDAO7. Emg=emergency buffer:1 MB; Prefetch buffer:10MB per
processor;(*): Max per processor.

of relatively small nodes, with a relatively small numberTgpe 2 nodes. This explains why in general
with our NNS algorithm we have no emergency calls in both stefpthe solution phase. The time for

the backward step has a more realistic behaviour and is eedug a factor of 5 (see 6 processors: using
LIFO strategy — 186.7 sec and NNS strategy — 37.9 sec). Asrshib NNS strategy is much closer to

the minimum time for loading factors from disk.

6 Performance analysis

In this section the NNS and LIFO schedulings are compared| @uatest matrices. One main differ-
ence with respect to th@MONDAO7 matrix used in the detailed analysis of the previoussestis that for
the other matrices the factor block is on average much langérthus results in a large number of type 2
nodes split over more than one processor. The parallel mirasf each matrix is reported on the minimum
number of processors required to run the out-of-core fation phase with one MPI process per node
of the CRAY XD1. For each matrix and each run with the same rermolb processes, the same physical
processors are used with LIFO and NNS to guarantee simila@rarental conditions. The workspace
size for the solution phase is divided between two buffePsefetch and Emg (see Figure 6). The average
(Awvg) and the maximum factor sizé{az) are included in our tables firstly to show that the factoes ar
well equilibrated among the processors and secondly to acerihe maximum factor size with the effec-
tive maximum workspace used during the solution phase. edidene main property of thelRECT_IO
strategy is that we explicitly control the size of the woikispace used. It is thus critical to show that our
runs are performed in a limited memory environment. For @éashwe report the performance (time and
number of access to the buffers) obtained during forwardijFamd backward (Bwd) substitutions.

We first notice the effect of equation (2) on the size of thégiod zone. OrtONESHLwWith 1 processor,
709 MB of working space are used faf GB of factor data (209 MB for the emergency buffer and 500 MB
for the prefetching zone). For larger number of processioesncrease in the number of Type 2 nodes leads
to a decrease in the size of the factor blocks which resuligliecrease in the size of the buffers. In Table 14,
however, we see that with the matmxce9Hz when the size of the emergency buffer remains relatively
large with respect to the maximum factor size then equa®ririts the size of the prefetch zone to
500 MBytes which is only 1.27 times the size of the emergendfeh This will limit the capacity of the
algorithm to perform prefetching.

Furthermore, for a given matrix, the decrease in the sizaefdctors often leads to a decrease in the
time for both the forward and the backward steps. As observéte previous section, one can see a cor-
relation between the performance and the number of acctstes emergency buffer. However, although
an access to the emergency buffer will always block the m®dering the time to load the corresponding
block factor from the disk, its effect on the node tasks mappeother processes will depend on the map-
ping of the tree to the processes. Therefore one should peceéthat the smallest number of emergency
calls will result in the best performance (see, for exampddle 8 on 8 processors with strategy NNS : 14
Emg calls and 64.3 sec during forward compared to 2 and 6¢.6wéng backward). It is clear, however,
that the backward step is more sensitive to the accumulafidthose time delays even if with the NNS
strategy this is significantly reduced with respect to th&Qlstrategy. On all matrices, we see that the
NNS strategy is better both during forward and backwardssitefimiting such effects by forcing an order
compatible with the order used to write the factor blocksmtythe factorization. For both phases, the NNS
strategy also ensures more regular disk access and sigtificaproves the execution time for all our test
matrices.
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Nb Factor Size Workspace Fwd Bwd Max Nb Requests per step
Strategy of per proc (MB) per proc (MB) Fwd Bwd
Procs | Avg Max | Prefetch | Emg (sec) | (sec) Prefetch | Emg | Prefetch Emg
LIFO 2 2416 | 2547 500 59 336.3 [ 270.1 11 0 11 3279
NNS 334.0 | 269.7 11 0 10 0
LIFO 4 1200 | 1291 300 34 221.0 [ 356.3 11 10 10 | 133594
NNS 220.0 | 190.6 12 1 14 1
LIFO 8 596 756 149 34 165.5 | 203.3 20 68 10 74582
NNS 117.7 99.9 14 8 10 1
LIFO 16 295 336 74 10 102.7 | 156.0 25 129 10 37861
NNS 63.9 84.1 21 28 10 4
LIFO 24 196 239 56 24 59.9 | 103.3 18 79 11 23850
NNS 52.1 74.5 17 17 10 2
LIFO 32 146 170 36 6 47.0 | 102.3 16 74 13 37055
NNS 445 69.8 15 10 10 2
Table 7:Parallelism orcAs4r-L15
Nb Factor Size Workspace Fwd Bwd Max Nb Requests per step
Strategy of per proc (MB) per proc (MB) Fwd Bwd
Procs | Avg Max | Prefetich| Emg (sec) | (sec) Prefetch | Emg | Prefetich| Emg
LIFO 1 5908 | 5908 500 209 375.2 | 378.3 27 3 26 5
NNS 374.7 | 378.3 27 3 26 5
LIFO 4 1465 | 1481 366 77 102.6 | 139.0 9 6 8 2
NNS 102.4 | 133.9 9 6 8 1
LIFO 8 726 987 181 52 63.9 95.7 15 14 13 12
NNS 64.3 67.0 13 14 12 2
LIFO 16 360 393 90 12 36.3 64.6 12 17 9 | 6488
NNS 33.6 48.2 10 10 9 2
LIFO 24 239 285 64 17 36.6 50.2 21 74 20 | 6161
NNS 31.4 45.8 22 28 18 17
LIFO 32 179 221 44 7 24.8 40.2 19 60 11 | 4040
NNS 229 33.6 20 89 20 21
Table 8:Parallelism orconESHL
Nb Factor Size Workspace Fwd Bwd Max Nb Requests per step
Strategy of per proc (MB) per proc (MB) Fwd Bwd
Procs | Avg Max | Prefetich| Emg (sec) | (sec) Prefetch | Emg | Prefetich| Emg
LIFO 6 1537 | 1689 384 107 148.7 | 225.2 10 6 8 | 5602
NNS 134.5 | 158.6 10 0 9 0
LIFO 8 1147 | 1232 286 90 126.9 | 153.2 10 20 11 | 4570
NNS 120.7 | 135.3 14 9 9 2
LIFO 16 564 774 141 26 116.9 | 116.7 24 205 13 | 5042
NNS 92.7 80.1 18 42 13 27
LIFO 24 372 457 87 23 76.1 83.9 19 138 20 | 3248
NNS 68.4 66.7 22 69 27 40
LIFO 32 276 399 69 21 67.2 76.2 37 214 22 | 2578
NNS 57.5 57.1 40 114 21 607
Table 9:Parallelism omice20mc
Nb Factor Size Workspace Fwd Bwd Max Nb Requests per step
Strategy of per proc (MB) per proc (MB) Fwd Bwd
Procs | Avg Max | Prefetch| Emg (sec) | (sec) Prefetch| Emg | Prefetch Emg
LIFO 4 2741 | 2872 500 176 231.8 [ 355.2 3 1 4 7179
NNS 218.3 | 233.5 14 0 12 1
LIFO 8 1354 | 1480 338 216 1525 | 2155 15 45 13 | 12523
NNS 147.8 | 166.2 11 23 10 1
LIFO 16 664 955 166 81 144.8 | 159.0 29 65 16 7314
NNS 118.2 | 121.0 22 52 20 452
LIFO 24 437 498 102 33 78.4 | 131.0 25 83 22 6168
NNS 62.7 76.2 23 44 12 2
LIFO 32 325 573 81 20 73.7 | 101.4 29 86 27 4315
NNS 73.3 80.4 42 151 36 63

Table 10:Parallelism omubi
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Nb Factor Size Workspace Fwd Bwd Max Nb Requests per step
Strategy of per proc (MB) per proc (MB) Fwd Bwd
Procs | Avg Max | Prefetch | Emg (sec) | (sec) Prefetch | Emg | Prefetch Emg
LIFO 2 7860 | 7900 500 139 507.0 [ 519.0 37 0 34 0
NNS 506.0 | 513.6 37 0 34 0
LIFO 4 3919 | 3951 500 139 273.6 | 383.3 20 0 17 | 191695
NNS 273.2 | 293.0 20 0 17 0
LIFO 8 1948 | 1994 487 139 174.1 | 289.9 14 24 9 96156
NNS 144.9 | 184.9 9 1 8 0
LIFO 16 963 | 1041 240 139 1045 | 207.0 20 27 9 48039
NNS 87.3 | 125.6 21 22 9 1
LIFO 24 633 723 148 39 156.1 | 214.0 32 346 15 66477
NNS 79.4 93.9 21 35 11 2
LIFO 32 472 593 118 39 95.6 | 149.4 39 225 23 60630
NNS 74.2 83.3 53 100 38 39
Table 11:Parallelism orGRID3.5M
Nb Factor Size Workspace Fwd Bwd Max Nb Requests per step
Strategy of per proc (MB) per proc (MB) Fwd Bwd
Procs [ Avg Max | Prefetch | Emg (sec) (sec) Prefeich | Emg | Prefetch Emg
LIFO 8 2702 | 2970 500 160 397.1 [ 476.5 20 16 17 | 26981
NNS 298.6 | 351.3 18 12 18 10
LIFO 12 1793 | 2154 448 160 249.1 | 447.8 18 34 15 | 23368
NNS 230.1 | 325.3 16 11 13 1
LIFO 16 1340 | 1584 335 160 261.7 | 353.7 21 52 14 | 14278
NNS 220.1 | 303.8 19 28 23 3675
LIFO 24 886 | 1096 165 67 207.8 | 347.6 25 99 24 | 10868
NNS 195.3 | 256.1 21 49 23 18
LIFO 32 660 820 165 45 189.9 | 310.2 30 142 39 9090
NNS 185.9 | 218.1 22 47 19 10
Table 12:Parallelism orcOR5HZ
Nb Factor Size Workspace Fwd Bwd Max Nb Requests per step
Strategy of per proc (MB) per proc (MB) Fwd Bwd
Procs [ Avg Max | Prefetch | Emg (sec) (sec) Prefetch | Emg | Prefetch Emg
LIFO 20 1404 | 1625 351 74 725.9 964.8 31 114 23 | 40323
NNS 678.0 866.1 20 70 14 4
LIFO 24 1171 | 1364 292 74 679.8 | 1071.6 25 156 27 | 37950
NNS 475.5 629.5 19 37 16 8
LIFO 32 872 | 1028 218 43 358.9 814.6 19 37 28 | 28334
NNS 350.9 564.6 15 42 10 6
Table 13:Parallelism oraMANDE
Nb Factor Size Workspace Fwd Bwd Max Nb Requests per step
Strategy of per proc (MB) per proc (MB) Fwd [ Bwd
Procs | Avg Max | Prefetch | Emg (sec) (sec) Prefetch | Emg | Prefetch Emg
LIFO 20 3208 | 3651 500 393 685.9 [ 1050.2 38 66 30 [ 30735
NNS 651.8 696.7 45 78 28 35
LIFO 24 2661 | 3048 500 228 642.9 844.7 39 86 30 [ 29098
NNS 571.6 684.8 32 25 32 8765
LIFO 32 1989 | 2454 497 228 559.8 734.0 52 59 51 [ 21501
NNS 471.9 604.7 45 58 58 9293
Table 14:Parallelism omICE9HZ
Nb Factor Size Workspace Fwd Bwd Max Nb Requests per step
Strategy of per proc (MB) per proc (MB) Fwd Bwd
Procs [ Avg Max | Prefetch | Emg (sec) (sec) Prefetch | Emg | Prefetch Emg
LIFO 4 4259 | 4356 500 199 325.4 | 554.0 19 1 19 | 413902
NNS 3479 | 321.5 19 15 19 1
LIFO 8 2120 | 2583 500 136 247.8 | 368.1 15 56 10 138017
NNS 186.7 | 223.6 13 3 11 4
LIFO 16 1048 | 1113 262 66 122.7 | 236.0 33 116 9 71173
NNS 845 | 133.4 9 0 10 2
LIFO 24 695 795 188 49 1145 | 189.2 21 264 14 105205
NNS 77.6 | 116.9 30 68 14 6
LIFO 32 519 567 129 30 62.6 | 171.6 20 221 9 34909
NNS 45.2 77.1 20 15 9 1

Table 15:Parallelism orGRID5M
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7 Concluding Remarks

We have described, in this paper, the main steps of a muitdialgorithm for distributed forward
and backward substitutions. We have shown that our origitgadrithms can be easily adapted for OOC
execution. We have then compared two different approachestl factors from the hard disk. In this con-
text, a ‘naive’ SYSTEM_BASED OOC approach is not suitable mostly because of its large apcedictable
memory use.

A DIRECT.IO access to the disk with relatively small prefetch buffees thus been introduced to
control the use of memory. In a sequential environment, we fiest shown how critical the task scheduling
can be. We have observed that one important issue is to ¢tméraumber of hard disk accesses. Another
issue is to obtain ‘regular’ disk accesses. While contiglthe memory used, we then studied the parallel
behaviour of our solver. We have shown that the optimal setiple¢ask scheduling is not efficient in a
parallel context. To obtain more regular disk access, éalbetor the backward step, we have constrained
the scheduler to follow the factorization write sequencédagsfor blocks during the solution phase. We
have proved the correctness of the algorithm and have shHwatnve perform consistently better and often
significantly reduce the time for solution on a set of largd problems.
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